This self-contained paper is part of a series [FF1, FF2] seeking to understand groups of homeomorphisms of manifolds in analogy with the theory of Lie groups and their discrete subgroups.
Introduction
A basic aspect of the theory of linear groups is the structure of nilpotent groups. In this paper we consider nilpotent subgroups of Homeo(M ) and Diff r (M ), where M is the line R, the circle T 1 , or the interval I = [0, 1]. As we will see, the structure theory depends dramatically on the degree r of regularity as well as on the topology of M .
Throughout this paper all homeomorphisms will be orientation-preserving, and all groups will consist only of such homeomorphisms. Our first result is that for Homeo(M ) every possibility actually occurs. Theorem 1.1. Let M = R, T 1 , or I. Then Homeo(M ) contains every finitelygenerated, torsion-free nilpotent group.
In sharp contrast, even a small amount of regularity imposes severe restrictions on the structure of nilpotent subgroups. Theorem 1.2. Any nilpotent subgroup of Diff 2 (I) or Diff 2 (T 1 ) must be abelian.
Remark. The C ω case of Theorem 1.2 follows from results in [FS] , and is related to a result of E. Ghys [Gh] , who proved that any solvable subgroup of Diff ω (T 1 ) is metabelian. In §4 we prove the PL version of Theorem 1.2.
The situation for R is more complicated. On the one hand there is no limit to the degree of nilpotence, even when regularity is high: Theorem 1.3. Diff ∞ (R) contains nilpotent subgroups of every degree of nilpotency.
On the other hand, even with just a little regularity, the derived length of nilpotent groups is greatly restricted. Theorem 1.4. Every nilpotent subgroup of Diff 2 (R) is metabelian, i.e. has abelian commutator subgroup.
In particular, Theorem 1.4 gives that the group of n × n upper-triangular with ones on the diagonal, while admitting an effective action on R by homeomorphisms, admits no effective C 2 action on R if n > 3. It would be interesting to extend the above theory to solvable subgroups, as well as to higher-dimensional manifolds. It would also be interesting to understand what happens between the degrees of regularity r = 0 and r ≥ 2, where vastly differing phenomena occur.
Constructions
In this section we construct examples of nilpotent groups acting on one-manifolds.
Combining actions
There several obvious relations among actions on the three spaces R, T 1 , and I. Restricting an action on I to the interior of I gives an action on R. One can also start with an action on R and consider the action on the one-point compactification T 1 or the two-point compactification I. But this usually entails loss of regularity of the action. That is a smooth or PL action on R will generally give only an action by homeomorpisms on I or T 1 . Given actions by G i , i = 1, 2, on I one can consider one acting on [0, 1/2] and the other acting on [1/2, 1] and obtain an action of G 1 × G 2 on I. Combining this with homomorphisms φ i : G → G i can give an action of G on I which may be effective even though its restriction to [0, 1/2] or [1/2, 1] is not. Such actions are perhaps best understood by considering their restrictions to invariant subintervals.
Definition 2.1. An action of G on R or I = [0, 1] will be called irreducible if there is no x ∈ R fixed under all elements of G if the action is on R and no x ∈ I other than 0 and 1 fixed under all elements of G if the action is on I.
In proofs one can often reduce to the case of irreducible actions.
C
0 actions on M Consider the group Z n of n-tuples of integers and provide it with a linear order ≻ which is the lexicographic ordering, i.e. (x 1 , . . . , x n ) ≻ (y 1 , . . . , y n ) if and only if x i = y i for 1 ≤ i < k and x k > y k for some 0 ≤ k ≤ n. We note that this order is translation invariant, indeed (x 1 , . . . , x n ) ≻ (y 1 , . . . , y n ) if and only if (x 1 − y 1 , . . . , x n − y n ) ≻ (0, . . . , 0).
It is well known and easy to check that the nilpotent group N n of n×n lowertriangular integer matrices with ones on the diagonal acts on Z n preserving the order ≻.
Theorem 2.2. The group N n is a subgroup of Homeo(M ) for M = R, T 1 , or I. When M = R or I, the action of N n on M can be taken to be irreducible.
Proof. The idea of the proof is to partition R into a countable collection of intervals which are in one-to-one correspondence with elements of Z n in such a way that the order on the intervals induced by the usual order in R coincides with the order ≻ on Z n . We construct the intervals inductively.
Choose any order preserving homeomorphism of φ k : I(k) → R and for any m ∈ Z define
. Inductively, assume we have constructed intervals I(k 1 , . . . , k r ) ⊂ R and choose any order preserving homeomorphism of φ :
It is clear that the interiors of I(k 1 , . . . , k n ) and I(k
, every point of the interior of I(k 1 , . . . , k n ) is greater than every point of the interior of I(k
We are now prepared to define the action of N n on R. If A ∈ N n define Φ A restricted to I(k 1 , . . . , k n ) to be the unique orientation preserving affine map from I(k 1 , . . . , k n ) to I(A(k 1 , . . . , k n )). We have then defined Φ A on J = ∪ k∈Z n I(k), which is a dense open subset of R with countable complemement. Clearly Φ A : J → J is order preserving. It follows that Φ A extends uniquely to a homeomorphism of R. One checks immediately that on J we have Φ A Φ B = Φ AB so by continuity this holds on all of R. It is also clear that
A . Thus we have provided a homomorphism Φ : N n → Homeo(R). The fact that N n acts effectively on Z n implies Φ is injective. This action on R is not irreducible. In particular I(0, . . . , 0) is fixed pointwise by every element. Also every integer is a global fixed point. However, if we restrict the action to I(1) = [1, 2] then it acts effectively and irreducibly.
The fact that this action is effective is simply the statement that no element of N n fixes every integer vector of the form (1, x 2 , . . . , x n ). To see that it is irreducible let A be the matrix I + E 1 where E 1 is the matrix with a 1 in the second row, first column and zeroes everywhere else. Then Φ A (I(1, k) = I(1, k + 1) so the action of N n on I(1) has no global fixed points. This gives an effective and irreducible action on an interval. Restricting to its interior gives an action on R. Gluing endpoints together gives an action on S 1 . ⋄ Now every finitely-generated, torsion-free nilpotent group N is isomorphic to a subgroup of N n for some n (see 1 Theorem 4.12 of [Ra] and its proof). This together with Theorem 2.2 immediately implies Theorem 1.1.
Proposition 2.1. The corresponding action of N on R and on I are irreducible.
Proof. Choosing n to be minimal we may assume that there is some element P of this subgroup which has non-zero entry c in the first column other than the diagonal element. Conjugating if necessary we may assume this element is in the first column and second row. Then by construction for any n ∈ Z we have Φ P (I(1, n)) = I(1, n + c) Hence the action defined above restricted to
Using the fact that T 1 is homeomorphic to the interval with endpoints identified we observe that any subgroup of Homeo ([1, 2] ) is also a subgroup of Homeo(T 1 ). Restriction to the interior of [1, 2] gives and action by homeomorphisms on R. ⋄
C ∞ actions on R
For certain nilpotent groups we can give a C ∞ action on R. But we will see in the next section that for n > 2 there is no C 2 action of N n on R.
Proof of Theorem 1.3: Choose a non-trivial C ∞ diffeomorphism α of [0, 1] to itself such that for j = 0, 1 we have α(j) = j, α ′ (j) = 1, and
Then it is easy to check that h 0 and h 1 commute, f and h 0 commute, and
Hence the group generated by f and h 1 is nilpotent with degree of nilpotency 2.
Given any n > 0, we will inductively define h k for 0 ≤ k ≤ n in such a way that h(m) = m for m ∈ Z, [f, h k ] = h k−1 for k > 1, and h i h j = h j h i . We do this by letting h k (x) = x for x ∈ [0, 1] and recursively defining h −1 k . We first define it for x > 1 by
Note this is well defined recursively because if x ∈ [n, n + 1] the right hand side requires only that we know the value of h −1 k (f (x)) and f (x) ∈ [n − 1, n]. We 1 We thank Dave Witte for pointing out this reference.
also note that h −1
for all x > 1. Negative values of x are handled similarly. We define
This is well defined recursively for x < 0 because if x ∈ [−n, −n + 1] the right hand side requires only that we know the value of h −1
for all x < 0. We further note that from this definition one sees easily inductively that h k (x) = x for x ∈ [−1, 0] for all k ≥ 2. Finally we observe that this implies for
and h i h j = h j h i that the group generated by f and the h k is nilpotent of degree at most n. The degree of nilpotency is at least n since h 0 is a nontrivial n-fold commutator. ⋄ If n = 2, the group G constructed above is isomorphic to the group N 3 of 3×3 lower triangular matrices. In general, G is isomorphic to a semi-direct product of Z n and Z where the Z action on Z n is given by the n × n lower triangular matrix with ones on the diagonal and subdiagonal and zeroes elsewhere. It is metabelian, i.e. solvable with derived length two. We will see below that this is a necessary condition for a smooth action on R.
Restrictions on C 2 actions
In the previous sections we showed that actions by nilpotent subgroups of homeomorphisms are abundant. By way of contrast in the next two sections we show that nilpotent groups of C 2 diffeomorphisms or PL homeomorphisms are very restricted. In this section we focus on C 2 actions. Our primary tool is the following remarkable result of Nancy Kopell, which is Lemma 1 of [K] .
Theorem 3.1 (Kopell's Lemma). Suppose f and g are C 2 orientation preserving diffeomorphisms of an interval [a, b) and f g = gf. If f has no fixed point in (a, b) and g has a fixed point in (a, b) then g = id.
Another useful tool is the following folklore theorem (see, e.g., [FS] for a proof).
Theorem 3.2 (Hölder's Theorem). Let G be a group acting freely and effectively by homeomorphisms on any closed subset of R. Then G is abelian.
Proof of Theorem 1.2
Since it suffices to show the action is abelian when restricted to any invariant interval we may assume our action is irreducible.
The case M = I
Let N < Diff 2 (I) be nilpotent, and let h be an element of the center of N . We first wish to show that h has a fixed point in the interior of I. Assume not. Without loss of generality we may assume lim n→∞ h n (x) = 0 for all x ∈ (0, 1). If no element of N has an interior fixed point we know N is abelian by Theorem 3.2. So assume g(y) = y for some g ∈ N and y ∈ (0, 1).
Since h and g commute we may apply Theorem 3.1 to conclude that g = id on I, a contradiction. So we may assume h has a fixed point z ∈ (0, 1).
Since the action is irreducible, there is an f ∈ N with f (z) = z. Assuming without loss of generality that f (z) < z we let a = lim n→∞ f n (z) and
. Then a and b are fixed by both f and h. There are no fixed points of f in (a, b) while z ∈ (a, b) is fixed by h, so we may again apply Theorem 3.1, to conclude that h is the identity on [a, b] . Let J be the component of Fix(h) containing [a, b] . Then since h is in the center, any element f 1 ∈ N must satisfy f 1 (Fix(h)) = Fix(h) and hence f 1 must map components of Fix(h) to components of Fix(h). We conclude that f 1 (J) = J or f 1 (J) ∩ J = ∅. But if f 1 (J) ∩ J = ∅ we could apply the argument above with f replaced by f 1 and we would obtain an interval of fixed points for h which contains J. This would contradict the fact that J is a component of Fix(h).
It follows that J is invariant under every element of N and hence the endpoints of J are global fixed points and we must have J = I. But this is impossible since h = id on I. ⋄
The case
Since N is amenable, there is an invariant measure µ for the action. If any one element has no periodic points then since it is C 2 it is topologically conjugate to an irrational rotation. Irrational rotations are uniquely ergodic so the invariant measure must be conjugate to Lebesgue measure. It follows that every element is a rotation so N is abelian. Hence we may assume that every element of N has periodic points.
For a homeomorphism of the circle with periodic points, every point which is not periodic is wandering and hence not in the support of any invariant measure. We conclude that the periodic points of any element contain the support P of the measure µ. It follows that that P is a subset of the periodic points of every element of N .
Since N preserves a measure there is a well-defined mean rotation number with respect to µ for any lift to R of an element of N . If g ∈ N andĝ is a lift then the functionĝ(x) − x is periodic and may be considered a function on T 1 . Then the mean rotation number of g is defined by
The pointwise rotation number of a point x ∈ R forĝ is defined by
This limit always exists and is independent of x (see [dM] , for example). It is an immediate consequence of the Birkhoff ergodic theorem that ρ(g, x) = ρ µ (g). The significance of the mean rotation number in this context is that a simple change of variables computation shows that if f and g both preserve µ then ρ µ (f g) = ρ µ (f ) + ρ µ (g). It follows that for elements of N the pointwise rotation number is a homomorphism to R. That is, for any liftsf andĝ we have ρ(f g, x) = ρ(f, x) + ρ(g, x).
As a consequence we observe that commutators of lifts must have rotation number 0, so that every element of the commutator subgroup N 1 = [N, N ] must have a fixed point. Hence any commutator fixes every element of P because it fixes one point and hence all its periodic points are fixed.
If N is not abelian there are f and g in N such that h = [f, g] is a non-trivial element of the center of N . Conjugating the equation
Repeatedly conjugating by f gives f n gf −n = h n g. From this we get g −1 f n g = h n f n and by repeatedly conjugating with g we obtain
−n ] = h mn . Now let x ∈ P and let m and n be its period under the maps f and g respectively. Then h, f n and g m all fix the point x. If we split the circle at x we get an interval and a C 2 nilpotent group of diffeomorphisms generated by h, f n and g m . By Theorem 1.2 this group is abelian. Hence [g m , f −n ] = h mn is the identity. But the only finite order orientation-preservng homeomorphism of an inteval is the identity. We have contrdicted the assumption that N is not abelian. ⋄
Proof of Theorem 1.4
Let N < Diff 2 (R) be nilpotent. We first suppose there is an element h of the center of N which acts freely on R. Then the orbit space R/(x ∼ h(x)) is a C 2 manifold diffeomorphic to T 1 and the group N/ < h > has a C 2 action on it since h commutes with every element of N . By Proposition 1.2, the group N/ < h > is abelian and hence N has derived length at most 2. Thus we may assume that evey element of the center of N has a fixed point.
Let F = Fix(h) be the fixed point set of some element h of the center of N . We will show that for any f ∈ N with Fix(f ) = ∅ that
To do this, let (a, b) be an interval in the complement of Fix(f ) (it may be a semi-infinite interval). Suppose without loss of generality that
Then a and b are fixed by both f and h since f (Fix(h)) = Fix(h). At least one of a and b is finite and f has no fixed points on (a, b). We can therefore apply Kopell's Lemma (Theorem 3.1) to conclude that h is the identity on [a, b] . Thus any interval in R \ Fix(f ) is either in R \ F or Int(F ). Switching the roles of f and h we conclude that any interval in R \ F is either in
For any element g ∈ N we know g(F ) = F , so g(F 0 ) = F 0 . We also have shown that if Fix(g) = ∅ then g fixes F 0 pointwise. Let
Then N 0 is a normal subgroup of N . Let (a, b) be a component of the complement of F 0 . Then any g ∈ N 0 leaves it invariant and restricts to either the identity or a fixed point free map on (a, b). Hence the restriction of N 0 to (a, b) is abelian by Theorem 3.2. Since F 0 is nowhere dense we may conclude that the action of N 0 on R is abelian.
If g ∈ N is not in N 0 then it acts without fixed points on R. Hence the group N/N 0 acts freely on the subset F 0 and again by Theorem 3.2 we can conclude that N/N 0 is abelian. Therefore N is solvable of derived length two, i.e. metabelian. ⋄
PL actions
Recall that a piecewise linear homeomorphism of a one-manifold M is a homeomorphism f for which there exist finitely many subintervals of M on which f is linear. Let PL(M ) denote the group of piecewise-linear homeomorphisms of M . Proof. Suppose first that N < PL(I). Note that there is a natural homomorphism ψ : PL(I) → R * × R * given by
As R × R is abelian ψ(f ) = (1, 1) for any nontrivial commutator in PL(I). If N is not abelian then there is a nontrivial commutator f lying in the center of N . Hence f ′ (0) = 1, so that f is the identity on some interval [0, a] which we take to be maximal. Since every element of N commutes with f , we must have that g([0, a]) = [0, a] for every g ∈ N. But then a is also a fixed point of every element of N , so that f is a nontrivial commutator of elements which fix a. We conclude that f ′ (a) = 1 also. Hence f is the identity on [a, b] for some b > a and we contradict the maximality of a. We conclude that the center of N has no nontrivial commutator, so N is abelian. Now if N < PL(T 1 ) then the proof is nearly word for word identical to the proof of Theorem 1.2. We note that Denjoy's Theorem (see [dM] ) is also valid for PL homeomorphisms of the circle. That is, any PL homeomorphism of T 1 without periodic points is topologically conjugate to an irrational rotation.
With that observation the proof that a PL action of N on T 1 is abelian is identical to the proof of Theorem 1.2 except that the appeal to Theorem 1.2 in the case of the interval is replaced by an appeal to the first part of this theorem, namely the fact that a PL action of a nilpotent group on I is abelian. ⋄
